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INTRODUCTION AND SUMMARY
)

This report is concerned with two nonlinear propagation effects
which limit the transmission of intense laser radiation through the
atmosphere. One effect is that of self-defocusing due to heating,

which can cause an undesirable de rease in the delivered power density.

The defocusing results from photon absorption leading to atmospheric
heating and consequently to a local decrease in the refractive index;
the result is a lens effect which causes the beam to diverge. This
instability is apparently significant even for exceedingly low ab-
sorption coefficients. Consequently it is necessary to have reliable
information in the far wings of atmospheric absorption lines where
laboratory data is meager, and where conventional pressure broadening
theorles are inapplicable. This report, then, presents theoretical
studies on certain aspects of very-far-wing collision broadening,
which are particularly pertinent to the problem of thermai defocusing

in the atmosphere.

The second phenomenon studied is the stimulated Raman effect.
This work represents a continuation of previous reseaichl which was
concerned with catastrophic beam depletion resulting from stimulated
Raman scattering in the atmosphere. The new work deals with appli-
cations of the previously derived general results to an analysis of
the generation and amplification of short intense pulses of Raman

backscattered light.

Chapter 1 describes some pieliminary theoretical studies on the

far-wing collision broadening of the rotational spectrum of a polar

molecule. The studies were motivated by the currently prevalent belief

that a substantial part of the continuous background-absorption by the

1. High Intensity Laser Propagation in the Atmosphere, TRW Systems
Group, Final Report 05691-6003-R000, February 1967.

}

1\
i
3




%

i bt o e ety M ol s S sERt T

F——

atmosphere in the wavelength-vicinity of 10p is due to the very-far-wing

collision broadening of the rotational spectrum of H20°

The basic approach of the herein desc:ibed studies may be regarded
as an extension of the classical Debye theory of dielectric relaxation.
In this theory, the origin of dielectric absorptivity arises from the
random interruption of the rotational motion of the individual molecular

dipoles by impact-type collisions, i.e., collisions of infinitesimal

duration — with other atoms or molecules of the medium. In the present

work, the theory has been extended to take account of

(a) the fact that (in contrast to Debye's original as-
sumption) the frequency of the incident light wave

is large compared to rotational frequencies,

(b) quantum corrections arising from the fact that fiw » kT,

and,
(c) the actual finiteness of time duration of collisions.

While this work was nearing completion, the authors became aware
of very recent data of D. Burch on laboratory studies of H20 - N2
mixtures in the 10u region. These studies indicated (cf. Summary of
May 16, 1967 meeting on Infrared Atmospheric Absorption, page 2) that,
despite the fact that the relative concentration of H20 in the studied
mixtures was < 2%, the collisions responsible for absorption were those
of H20 molecules with each other! Such a result was found to b= un-
explainable within the framework of the above-described theoretical
studies; moreover, the magnitude of the experimental zbsorption was

found to be several orders larger than the theoretical prediction.

The first attempt to remove the discrepancy consisted in taking
account of the shortening of the time~duration of collisions via the
mechanism of attractive forces (associated with dipole-dipole inter-
actions); as shown by the detailed expressions, such shortening would

lead to an enhancement of the far-wing absorption. However, with:




physically reasonable values of the relevant molecular parameters, only
marginal improvement was obtained; the calculated absorption still fell

short of the experimental value by almost three orders of magnitude.

Under these circumstances, it was felt necessary to introduce
some essentially new physical ingredient into the theory. One such
possibility has suggested itself and is presently being pursued. Briefly,
it is now felt that the origin of the far-wing absorption in H20 vapor
arises from the angular dependence of the (strong) dipole-dipole
interaction. Namely, at sufficiently close — yet still accessible —
distances of approach of two colliding H20 molecules, this angular
dependence provides a potential trough for the rotational motion of
each molecule; within this trough, the molecules execute a type of

hindered rotation — or, as it is commonly designated, a ''librational

motion. The decisive point is that, according to preliminary estimates,
the frequencies associated with this librational motion are substantial-
ly higher than those of free rotation — and, in fact, may be expected to
encompass the 1000 cm-1 (10y) region. Under these circumstances, it
turns out that, according to the general theory of collision broadening,
the occurrence-probability of these frequencies — in particular, those
in the immediate vicinity of the external frequency — becomes the
principal factor in determining the absorption. Ireliminary calculations
indicate that the resultant absorption far outweighs that obtained in

our previous theoretical calculations.

In conclusion, then, while it is too early io be certain, the

hindered-rotation mechanism looks presently rather promising.

Chapter 2 contains a discussion of pulse amplification by means
of the stimulated Raman effect and of a second related topic, namely,
the generation of intense, ultra-short Raman backscattered pulses
recently observed in the laboratory. The first subject in Chapter 2
is the Raman amplifier which consists of a length of Raman active
material through which both a beam of laser light and a beam of light
at the first Stokes frequency of the laser light in the material are passing.

e i S ——5,':—;




The beams are traveling in opposite directions and hence the second beam
(the Stokes shifted beam) will be amplified by the stimulated emission

of backscattered light from the first. For an input Stokes wave of
arbitrary time dependence, the time dependence of the output has been
formulated in terms of the solution of a differential difference equation.
The solution of this equation has been reduced to quadratures for an
arbitrary input, and has been obtained in closed form for the special

case of a step function input.

The Raman pulse generator is a device which was first investigated
by Maier, et al.2 In their experiment a carbon disulfide cell was il-
luminated by a beam of intense laser light. Observations at the entrance
of the cell revealed intense, short pulses of backscattered Stokes
radiation. They have suggested that "A probable mechanism for the
initiation of the pulse is the abrupt onset of backward stimulated
Stokes emission near the exit cell surface, accompanying the occurrence
of laser self-focusing in that region." As a support for their sug-
gestion we have constructed a specific model of the influence of self-
focusing on the amplification of spontaneously emitted Raman waves.
This model predicts the height and shape of the emitted pulse in terms
of the solution of a nonlinear differential difference equation. The
equation is currently being solved by computer; it is anticipated that

the analysis will be completed by the end of the present contract period.

2. M. Maier, W. Kaiser and J.A. Giordmaine, Phys. Rev. Letters, 17,
1275 (1966).
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Chapter 1,

FAR WINC PRESSURE BROADENING




INTRODUCTION

This report describes some preliminary model-type theoretical
studies on the far-wing broadening of the pure rotational spectrum of
a polar molecule. The studies were motivated by awareness of the preva-
lent belief1 that a substantial part of the continuous background-
absorption in the atmosphere in the wavelength vicinity of 10y is due
to the very-far-wing broadening of pure rotation bands of H20 with
maximal intensity at wavelengths “50u. As will be described more fully
below, the basic approach is an extension of that employed in the cor-
responding problem of the far-wing broadening of near infrared vibrational

lines reported previously.2 2

While this work was in progress, the authors became aware of some
very recent data of D. Burch (Philco)3 on laboratory studies of H20
absorption in the 10y region, which indicated that the basic broadening
agency is self-broadening, i.e., HZO - H20 collisions. Such a result
does not find any natural explanation within the framework of the above-
described theoretical studies; moreover, preliminary comparisons indicate
that the absorption observed by Burch is almost three orders of magnitude
larger than could be accounted for by these studies. A drastic modifi-
cation of the theoretical approach is thus required. Such a modification
has in fact suggested itself to us, but its development is presently in

its very initial stage.

Under these circumstances, we feel it appropriate to devote the
main body of this report to a description of the studies which have been
carried out, and of their comparison with Burch's data, which reveal
their inadequacy.4 The report then concludes with a brief description

of the new approach.
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1. DISCUSSION OF THE MODEL

The specific model on which the calculations of this report are
based may be regarded as an adaptation of the classical Debye theory of
dielectric relaxation. In this theory, the collision-interrupted rota-
tory motion of a permanent (rigid) dipole is represented as a random
walk in the dipole-orientation angle space. Collisions are considered
to be instantaneous events (occurring at randomly distributed times)
which, while preserving the dipole orientation, produce maximal5 random-

ization of the angular velocity.

Detailed calculations within the framework of this model have, for
the most part, been limited to the domain of external frequencies small
compared to the natural rotational frequencies, and are hence not rele-
vant to the present problem. The extension to higher frequencies (of
the order or larger than the rotational frequencies) was carried out by
E.P. Gr08s,6 using an approach based on a Boltzmann equation in orienta-
tion-angle space, together with a number of different stochastic models
for the elementary collision process, one of these being the above
described Debye model. Instead of following this paper, the present
authors have found it desirable to carry out an equivalent derivation,
based on a correlation-function method.7 This derivation is presented
in Appendix I. 1Its crucial result is contained in equations (1.24) and
(1.25), which show that for external frequencies sufficiently large
compared to thermal rotational frequencies8 the absorption probability

per collision (as measured, e.g., by the imaginary part of polar-

izability is essentially identical to that associated with the collision-

interrupted, but otherwise free motion of a fictitious charged particle
whose charge, e, and mass, M, are related to the actual dipole moment, u,

and inertial moment., I. ¢f the rotator by the formula

e .
T . (1.1)
7
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The above described correspondence is in fact not really surprising.
As is by now well established by a variely of treatments on pressure
broadening, the absorption intensity at a given frequency, w, is deter-
mined by the time-variations in the electric currents on a time scale9
N'% (or less). It then follows immediately that, under the condition
w >> W oe (postulated above), the relevant time scale is so small that,
within it, the dipole, so to speak, 'doesn't know that it's rotating."
More prosaically, the dipolar current (in the absence of collisions) is
essentially constant on a time scale “l/w; the significant and meaningful

current variation arises solely from collisions.

The above discussion brings us naturally to the consideration of

the time-scale of the collisions themselves. In the impact-formulation
of the original Debye theory (as well as in Gross' work6 and in the
appendix of the present paper), this time scale is zero; that is, a

collision event causes an instantaneous alteration in the dipolar cur-

1 rent. Such an assumption is appropriate only when the actual time of

ey
o~

collision, — i.e., the time required for the angular velocity of the

dipole to change — is small compared to 1/w. A rough estimate of this

S

time of collision, Tos is

N — (1.2)

where Ar is an appropriately defined range of the iuvwolved forces, and

-
0
<

v is an appropriate velocity of traversal of the force field. In the
at .ence of attractive forces, and for perturbers whose velocities
(translational or rotational) are small compared to the rotational
velocity of the dipole absorber,10 a reasonable estimate of v is

1/2

v (ZkT/Mred) (1.3)

where Mred is the reduced mass for rotational motion; for e.g., H20

F-24
itself, Mred’v ZMH.

b S
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In the presence of attractive forces, (1.3) must, of course, be
augmented. This modification will be discussed later. For the time
being, let us assume that the interactions between the different atomic
constittents of the dipole11 and those of the perturbing molecule are
primarily repulsive; as in Ref. (2) they will be represented by an ex~
pression of the form

V(r) = v, e oF (1.4)

where r is the interatomic distance between the H atom and the closest

perturbing atom. Let us then carry out a numerical estimate

of the validity of the basic assumption of impact theory, namely

15wt v lEa L : (1.5)
c v  av

for foreign-gas broadening of H, 0 ut 10u. Using the numbers,

2

w = 2vc(1000 cm-l) o 2 x 1014 sec-l

-14
~ 2x54x10 =5 ~ ds5 x 105 cm/sec
2x1.6 x 10

4 ~

v

a =~ 4 x 108 cm-l

(the last being a magnitude typical]'2 of exponentially repulsive forces)

one obtains
w/av = 3

indicating a gross violation of the impact condition.

It is therefore proposed to carry out a calculation, somewhat

analogous to that of Chapter I of Ref. 2, in which one computes the
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probability that a charged particle incident on (and reflected from) a

potential barrier of the form
Vix) = V e (1.6)

in the presence of an electromagnetic field of frequency, w absorbs

(o* emits) a quantum of energy Hiw. As implied by the form of (1.6) the
treatment will be one-dimensional, with x representing the directior of
the line of centers of the colliding atoms (e.g., in H20 - N2 collisions
these atoms would be a hydrogen and a nitrogen atom). Of course, just
as in Chapter I of Ref. 2, such a treatment has to be augmented by an
appropriate-~recipe for computing effective collision diameters (which in
a one-dimensional model are actually infinite). This (rather subsidiary)

problem will be deferred for the time being.13

10
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2. THE MODEL CALCULATION

o e s e, T L | =
v

In line with the discussion of the preceding section, let us

consider the following problem: to solve the time-dependent Schrodinger

equation

m-g% = Hy (2.1)

with a Hamiltonian of the form

H = H &-1'-%2-5 (2.2) |
) |
B o= -5 V' + 0 . (2.3) i
In these expressions
]
A = L g oty e, (2.4) |

e
€
I
o
A el TR

is the vector potentiil associated with the external electromagnetic
field (it is assumed to be '"turned on'" infinitely slowly, s being an
infinitesimally positive number ultimately going to zero), p = %‘gradr,
and Ho’ the field-free Hamiltonian, is given as a sum of the kinetic
energy of the fictitious particle (charge, e, and mass, M, being ]
determined according to the recipe prescribed by the Appendix Eq. I.27)
and the potential energy V(x) (assumed to be one-dimensional in ac-
cordance with the discussion of Section 1). In the absence of the

external electromagnetic field, (2.1) has solutions of the form

-iE, t/
wi(r!t) = ¢i(£) e ] (2-5)
where ¢i(£) satisfies the equation
H0¢i = Ei¢i O (2.6)

11
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In view of the one-dimensional form of the potential, ¢i(£) is chosen to

have the form

ifk y+k z]
0,0 = ¥, () e y 2 2.7)

where wi(x) obviously satisfies the one-dimensional equation

(x) 52 32
H lJJi(X) = [— ™ —-—axz + V(X)] wi(x) =E. wi(x) (2.8)
with
2
4 2 2
E, = E_ +3 (ky + kz) : (2.9)

it has the usual asymptotic form

v () » sinlk, x + 8,1, (2.10)

Deferring for a moment the complete specification of the boundary
conditions supplementary to (2.l1), let us seek perturbed solutions of

the form

-1E;t/h (2.11)

V@) = 0@ e +v;

where wI is proportional to the external field (and hence arbitrarily
small). To obtain steady-state solutions (appropriate to the physical
situation of our problem) it is desirable to write wI as

wI = e ¢(+) e_imt + ¢(") e+iwt] eSt (2.12)

where ¢(+) satisfies the equation14

(E+0) s - Ho¢(+) - =€ @ . (2.13)

12
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Now write ¢ s

. e —

€ - po.(v)
¢(+) ~ i;w = ﬁ;- - + ¢sc ' (2.14)

Substituting (2.14) into (2.13), one finds that ¢sc satisfies the equation

c..
— = 'L '-2 . —
(Ei+'ﬁw)¢sc Ho¢sc iwM e [HOB- Byo]¢i(£) (2.15) ]

e =0
T ho VRTRVIO®

e€ j
< 2ox 8§£x2 ¢i(£) (2.16)
w M

(the elimination of all but the x-component of the external field arising

from the x-dependence of the potentialls).

It is now necessary to discuss boundary conditions. As will be |
discussed later these are set forth most expediently for ¢sc [i.e., as
supplements to Eq. (2.16)] rather than in connection with the starting
Eq. (2.1). The conditions in question turn out to be jus: that ¢sc
represent an outgoing wave, namely
= o i[kyy + kzz] A eikfxx

¢Sc-*-—’ e sc (2.17)

where kfx’ the "final" x-component of wave-vector, is determined by the

equation
hzkz 2
X LB = B4 -f'—-(k2+k2) (2.18)
M T Bgx T BT -9y y zl ° '

Here, it will be noticed that the plane-wave y, z dependence,

characteristic of ¢i(r), has been incorporated explicitly into the

13
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boundary conditions. In fact, at this point it is highly desirable to
factor this dependence out of the problem. One achieves this simply by

inserting

i[kyy + kzz]

¢Sc = e wsc(x) (2.72.9)
into (2.16). One obtains
By - m®y . X o (2.20)
fx sc o sc sz ox 1 ¢

[Héx) and y, (x) being defined by Egs. (2.8) and (2.7)] whereas the

boundary condition, (2.17) reduces to
Voo 2B 4 e X (2.21)

With the y,z dependence now completely removed, the x-subscripts
on the various constants will henceforth simply be dropped; thus

E (2.22a)

fx’ Eix > Ef’Ei

k k k. ,k (2.22b)

£x® Fix T S£e

(it being tacitly understood that all the constants now refer to motion

in the x-direction alone).

Before going on to solve for wsc(x), some'brief remarks on the
physical significance of the decomposition of ¢(+) as given by the r.h.s.
of (2.14), are in order. As in analogous treatment in Ref. 2 (Chapter 1,
bottom of page 11), the first term represents the amplitude for virtual
absorption of a quantum; in particular one notes, upon inserting the
asymptotic form of wi(x) [given by (2.7)] into (2.14), that the asymptotic

behavior of the term in question pertains to a particle having a kinetic

14
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2M
would even exist in the absence of any scattering potential; in fact,

energy Ei = , characteristic of the unperturbed wave. Indeed, it
for a free particle its coherent superposition with the unperturbed

state gives just the classical oscillatory velocity amplitude, e é;/iMw.

By way of contrast, wsc [as seen explicitly from (2.21)] describes

an outgoing particle of energy E_ = Ei+-ﬁm. This fact by itself is suf-

f
ficient to establish it as the amplitude for the real process of quantum
absorption, under consideration here; it will therefore alone be con-

sidered in what follows.

From these remarks it follows that the probability P of an

(+)
incident particle being reflected with simultaneous absorption of a
quantum of electromagnetic energy “s proportional to IASClz; it is in

fact given by the formula16

Py =

For the calculation of ASC one proceeds as follows. One multiplies

both sides of (2.20) by that solution, wf(x), of the homogeneous equation

Héwf = Efwf (2.24)
which has the asymptotic form
wf(x) x>, sin(fo + Gf) (2.25)

and integrates from minus infinity16a to some large value of x such that

(2.21) and (2.25) are valid. One then obtains the successive equalities

15

|
| “sc (2.23)
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e':"ox % 3V(x )
wM

X
v (x')wf(x )dx' = Ef[ wsc(X')wf(X')dx'

X

X
-J_wwf(x')Howsc(x')dx' = I [wsc o wf o sc] x!

9 -

o 4
T L“'sc(") ax Vs " Vg ax dx Vg ]

ol

ik x
2 1k x a d f
= %ﬁ A e £ 5= sin(kex + 8.) - sin(k.x +8.) A e

2M “sc 2.26)

the next to the last equality holding by virtue of footnote 17 and
Eqs. (2.21) and (2.25).

Combining (2.26) and (2.23), one has

16e’ €2 | (= av . |2
P(+) = m—; wa(x)wi(x) dx dx (2.27)
o}

where the limit x -+ « has been taken in the l.h.s. of (2.26), the limit

being well defined by virtue of the asymptotic behavior of the various
factors in the integrand.

For unpolarized light, the standard replacement

< 2 1.1
C 3-/

is tc be employed; (2.27) then becomes

16e2(i§ 2
) - W I Jowf(x)wi(x) —dx 5 (2.28)

P

16
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For the case of an exponentially repulsive potential

V = V e (2.29)

the integral on the r.h.s. of (2.28) may be evaluated explicitly. The
procedure is very similar to that of Ref. 2, Chap. I, but will be given

here briefly in the interests of a self-contained presentation.

The solution of

2 .2
B = Hy = [Z‘Ma—a-z-+v e“x]w (2.30)

(for arbitrary E) with the asymptotic behavior

V(x) == sin(kx +8) (2.31)

U7
¥ = [@K/am) sin 2LE e Ky 11/ (®) (2.32)

where
K = (2ME/ﬁ2)1/2 (2.33)

-ax/2

2MV
(2.34)

- (2) fe

and Kv(g) is the modified Bessel function of the second kind; for the

case at hand, the order v = Zlk is imaginary.

Inserting (2.32) and (2.33) into (2.28) one obtains, after a little

algebra

4e2€.2,2 21k 21k
= > sin L sin < ch{z (2.35)
+ In2M2yt o o ’

17
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where

X - [OKZikf/d ORTNICL (2.36)

As in Chapter I of Ref. 2, it is our good fortune to find the above integral
in the 1it:e~.1:atu1:eu18 The general formula (on page 334 of the quoted

reference) is

© s-3 -s
JoKu(ax)Kv(ax)xs-ldx = Z_I‘(—Zj- F[%'(S'HJ'H))] I‘[%-(s-uh))]

X P[%(S'HJ—\))] I‘[%-(s-u-v)] 5
Rea>o,fe s > |£eu| + |@e v| . (2.37)

Here, with a = 1, s = 2, y = Zikf/u, v = Ziki/a, the conditions for the
validity of (2.37) are obviously fulfilled. Using also the well-known

formula

r(1+z)r(l-z) = s—i:;%z— (2.38)

one obtains, without further ado

¥

2_1.2
(n2/a?) (kg-k])

8 inh[ﬁ-( ket )] s inh[ﬁ'(kf-ki )]

1 (12/0?) (2Mu/h)

25 inh[g-(k e 1)] 's mh[g-(k K i)]

2
_ o 2Mw
= ;7 /Zﬂkf 21Tkj s (2.39)
cosh - cosh( .
o o

18




- Substituting (2.39) into (2.35), one has

16n2e2€:§ sinh (21Tki/cx)sinh (21ka/a)
(+) T 3HZu?42

P . (2.40)

(cosh 2nkf/a - cosh 21Tki/a)2

For the eventual calculation of an absorption cross-secticn, it
is desirable to develop an expression for the net energy, AEm, which
is transferred from the electromagnetic field to the charged particle.19
To obtain AEN it would appear necessary to supplement (2.40) with an
explicit expression for the alternate process of stimulated emission
[i.e., to calculate P(_)]. This, however, can be avoided by appeal to

20

the principle of microscopic reversibility, which in the case at hand,

states that

Poyy(ky > k) = P y(kg > k) . (2.41)

One now introduces this relationship into the general expression for
AEw’ which reads

AEw = fiw [JodkiI(ki) P(+)(ki > kf) - JodkfI(kf)P(_)(kf - ki4

(2.42)
where21 €.,
-E, /KT
kidki e
L(ky)dk; = -E, /KT
Jkidki e
dE, -E,/KkT
i i
= %7 © (2.43)

represents the probability that the wave vector

19




of the incident particle lie between ki and ki+dk1, and where, as before,
kf and ki are related to each other by the energy-conservation require-

ment

E, = E, tfuw - (2.44)

One then has (upon noting also from (2.44) that kidki = kfdkf)

1

Jm dEi -Ei/kT -Ef/kT
hw

STl -e )P(+)(ki+kf)

AE
w

il

o -F,/kT
‘ﬁm(lmeJﬁw/kT) J e 1

(o}

P(+>(ki+kf)dEi/kT (2.45)

where, for P )(ki+kf), one inserts the r.h.s. of (2.40).

(+
The stage has now been reached where, in order to make further
progress, some connection is needed between the one-dimensional treat-
ment of this section and the actual three-dimensional situation. The
analogous problem arose in Chapter I of Ref. 2 (pages 31 et seq.), and
was resolved by appeal to the so-called Takayanagi approximation (for
discussion and reference to Takayanagi's paper, consult Ref. 2). The
principle result was that [as intimated above in footnote (19)] the
. 1te of absorption of energy per polar molecule, W, is given by a
relationship of the form

W = AEw/T (2.46)

eff

where 1/Teff’ the "effective" collision rate, is to be determined
primarily by classical kinetic conditionms, similar to (although more
complicated than) those of Ref. 2. As in that case, however, for the

purposes of obtaining upper estimates, it will ultimately be assumed that

1t ¢p < /e 4 (2.47)
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L & namely, a reliable upper bound for 1/t is the gas-kinetic value, 1/t.

eff
Values of the latter quantity are readily deduced from gas-kinetic cross-

section data given in the literature.

Combining (2.46), (2.45), and (2.40), one has

20262 -
16n2e%€  (;_ ~Hw/kT)
3a° Hw T

1
eff

W =

-]

21rki Zﬂkf —Ei/kT
sinh 3 sinh e dEi/kT

[¢]

x 27k, 27k 12 . (@Rio)
o|cosh - cosh
o o

The absorption cross-section, Q(®w), may now be determined simply
by dividing (2.48) by the incident electromagnetic flux,
[ _ _c 2
- §x7_+—2“ 60.‘ One has

2

QW) = == 1‘e_ﬁw/kT) L
- ST
3ca hw Teff
” 27k 2T, ~E /KT
sinh B sinh 5 € dEi/kT
x - . (2.49)

7
[cosh Zwkf/a—cosh ani/a]

From (2.49), one obtains the absorption coefficient, «(w) by the

standard relation

e Tl

k(w) = NaQ(w) (2.50)

where Na is the density of absorbing molecules,
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It is now of interest to discuss two special cases, (a) that for
which the impact approximaticun is valid and (b) the more realistic
situation of finite duration of collision-time.

A. Impact approximation: This is achieved most conveniently

by taking the limit o + » (i.e., zero range of interaction
potential. In this case one replaces the hyperbolic
functions by their lowest-order nonvanishing terms in

their Taylor series, obtaining (after scme algebra)

2 “tiw/kT\ [
QW) = gy |18 ) [ /2 euiny 2 & ax
o
2 _ ‘ﬁw/.&T
- ity [1-e W/KT) o — &, (s 2xD) (2.51)

(the integral being obtainable in terms of the Modified
22
Bessel Function ). In the classical limit (fiw << kT) (2.51)
reduces to
4e?

(w) = =7 (2.52a)

Q 3mMcw

cl

which, apart from the factor 4/3, corresponds to the

classical Drude expression-23

In the "quantum" limit, fw >> kT
1/2
TkT

Q, = TaE, (IkL

qu nMcw . (2.52b)
From the practical standpoint, the principal significance

of (2.52h) is that its order of magnitude is essentially

the same as that of the classical expression (2.52a) as

long as fiw/kT is not too large. In our case, with fw/ kT3,
so that the magnitudes of (2.52a) and (2.52b) are comparable.
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Finite collision times: A useful simplificaticn of (2.49)

which will be employed here is the replacement of the

various hyperbolic functions in the integrand by exponentials.
For the justification of this step, let us digress momen-
tarily, to list some typical magnitudes of ki’ kf, and a.
First of all, as noted in Section I [text subsequent to

Eq. (1.51)], a representative value for a is 4x108 cm-l.

For the k's, one proceeds from the general expression

2ME 1/2

ko= 2

2.3 x 10°0n®)" 2en”? (2.53)

where 7 is mass of the particle in units of hydrogen
atom mass and E 1s the energy expressed in e.v. One thern
notes that, even for the extreme case of M =1, and for
E = kT =~ ,025, one has k = 3.7 x 108 and, e.g.,

2k, 21rki/(.i l -lmki/a 1 21rki/a 11
sinh ==e l-e =< e l-e
o 2 \ 2
21rki 1 21rki/a
so that the replacement sink >5e

involves the negligibly small error, e

Introducing, then, the replacements of hyperbolic functions

by appropriate exponentials in (2.49), one has

o -Ei/kT
Q- 8rel (l_e-"hw/kT 1 e dEi/kT 7
3co? fiw T 2[_17_ ]
eff 4 sinh . (kf-ki)
o
® -E, /KT
_ 2me? (l_e-'ﬁw/kT) 1 e dE, /KT 3
3ca Hw T 2| 21w *
eff sinh m
o f i
23
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1/2 1/2

and ve = (2/M)1/2(Ei+‘hw) are the

velocities incident and scattered charged-particle,

= !
where vy (2E1,M)
respectively.

One may now consider two subcases, according to whether
the argument of the hyperbolic sine in (2.54) is small or

large compared to unity.

2Tw
1) T;f::73-<< 1. 1In this case the hyperbolic sine is

replaced by its argument and one has

p OO

2 l “fw/kT - -E_ /KT
e l-e 1 2 i
Q = Toma? \ fiw T (Vi+ Vf) e dEi/kT
eff J
L Hw/kT [ 2
2
e’  [i== 1 1/2 1/2] " =
Imcw? ( fiw/ kT ) T [x + (x+Hiw/KkT) ] e ~ dx
- eff 15
(b‘ (2.55)

which is again an impact-type expression (somewhat

similar, in fact, to the first eauality of (2. 51)

(2) ;T%E%—;—Y >> 1. 1In this case, the replacement
f

ginh( ... ) +'% e("')
is appropriate, and one has

]

g —E -—x-a-wmmml'

0 a2 [1-e” T/ KT} e-Ei/kT e—21rw/a(v )dE -
3ca Hw T i
eff
[o]
¥
|
Vi



- variable, y = Ei/‘hw, Lecomes

[N
<

q - ne? 1_e—ﬁw/kT
3cat | KT T

1 J o~PF(y)
eff
(o]

which, with this introduction of a new integration
(2.56)
where i
i

1

1

F(y) = ay + (2.57a)
}'1/2+(y+1)1/2
i
WJ1/2
= oh_ fhw a
a = 5 (2.57b) ’
and

oil/? ]
- Tw [2M i

b - L [ﬁw) : (2.57¢)

The integral in (2.56) is evaluated in Appendix II; the result is
contained in Eqs. (II.7), (II.6), and (II.8). Combining these equations
with (2.56) and (2.57a,b,c), one has

, -1/2
o - 22 l_e-ﬁw/kT) 1 (tka) [ . 1 ;
= Z
3ca kT Togp \ T b ys+1 yi./2_|_(y$_|_l)1/2 !
i
fiw 1/2 1/2 .
exp 4~ H ys+2ys (ys+1) {2.58) i

where (cf. Eq. II.4) of Appendix II and (2.57b), b/ is given implicitly
by the relation

1/2
yi/z(ysﬂ)l/z[yi/2+(ys+l)l/2] = Enu(?nb%) ’ —
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Values for a and V = w/2nc, for various values of g are given
in Table 1.25

TABLE 1

T a T)xlo--acm_1
.1 1.105 3.75
.15 .826 2,10

.2 .664 1.36
.25 .553 .943
.3 476 .695
.4 .367 .415
.5 .299 .276

From this table cne may find values of Vs for given v by e.g.
graphical interpolation. It would, in fact, be desirable to carry out
sufficient numerical calculations so as to obtain a plot of the absorp-

tion cross-section, Q, vs. external wave-number, v. Due to limitations

of time, this elaboration will be deferred for the final report. How-
ever, in the next section (immediately below), a numerica. upper-limit
estimate for Q (based on Eqs. (2.58) and (2.59) will be carried out.
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3. DISCUSSION OF RESULTS AND POSSIBLE EXTENSIONS

The first order of business in this section is the comparison of
predictions of the foregoing theory for the optical absorption coef-
ficient, i.e., with the experimental results reported by Burch.3
Starting from the relation

kK = N.Q (3.1)

where Na’ the density of absorbing molecules, is related to the cor-

responding pressure, P, (expressed in torr, mm. Hg) via the formula

16 -3
Na = 3,2 x 10 p, cm (3.2)

and introducing (2.58) with - wiitten as

eff

= Np< v> Qeff (3'3)
(with Np’ the density of perturbing molecules given by the analogue of
(3.2) namely,

N = 3.2x10%p o3 (3.4)
p p

<v> the mean relative velocity of the colliding molecules, and Qeff

and "effective" collision cross-section, one has

2
Te‘N 1/2
p <v> [4kT n-1/2
Uss N2 hr ¢ Tw i EXPG“} 3.5)

where from (2.58)

‘ -1/2
1 1 1 1
F' = + +
yg yH yilz (ys+1)1/2
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Q

2 Hw 1/2 1/2
and the argument of exp {} is - T [ys+2ys (ys+1) ], b= being
given by (2.59), or Table I.

Before any numerical calculations are possibie, it is necessary
to determine Qeff in terms of know. physical parameters. Anticipating
the results of the numerical calculation given below, let us bypass this
problem by adopting the philosophy that we are calculating an upper
bound26 for k. In line with this approach, we writc¢ down an upper-
limit estimate for Qeff by setting it equal to the gas-kinetic cross-
section, QK' For the latter quantity, a rough estimate is provided by
Laudolt-Bjornstein (6th Ed.) Vol. I, p. 369, where a value for the gas-
kinetic diameter o, of H20 — namely 4.59 x 10_8cm — is quoted. Intro-

T
ducing this value into the formula

2
QK = Top
(appropriate for H?0 - H20 collisions), one has

< -~ -16 2
Qes = K = 66 x 10 " cm™ . (3.6)

Using for o the previously-cited value of 4 x 108cm_1, and
T = 300°K [together with formula (3.2)], one finds

ne2N
3a<kT

T 1.2 x 10_6pp. (3.7a)

Taking for the mean relative velocity of H20 - H20 collisions the

relation27
1/2
<v> = /5,-2LI = .76 x 105cm/sec.
1,0
one has
2. = 2.5 1076 . (3.7b)

28

< = AT RS L == S S Y Sl ;,W = ”'
d
.



a» In proceeding further, it is convenient to choose for the external
wave number the value v = 934 cm-l, which corresponds (cf. Table I) to
S .25 and a = .553 (and i: nevertheless sufficiently close to 1O3cm-l). |

One then has

1/2

4k

—%-a—) = 1.78 (3.7¢) l
-1/2

[F"] /2 390 . (3.7d)

Inserting these results [together with (3.4) and (3.6) into (3.5)],

one finds

~ -10,
K < 4.4 x 10 -popp exp{....} . (3.8)

Turning now to the experimental results, Burch concluded that in an
atmosphere-like enviromment with a H20-vapor pressure of 15 torr (mm Hg), i

self-broadening (i.e., HZO - HZO collisions) constitutes the main ab- !

sorption agent. In iine with this conclusion, let us therefore insert i
P, * pp = 15 torr
into (3.8), thereby obtaining

« T 1077 exp{....} . (3.9)

Deferring for the moment the numerical evaluation of exponential
factor, we note that, under the cited conditions, Burch obtains .88
transmission of 10 micron light through a path of 1 km; this cor-

responds to an absorption coefficient

= -10% 10g .88 ¥ 1.3 x 10 %t (3.10a)

K
ex
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which is one order of magnitude larger than the pre-exponential factor
in (3.9).

Turning finally to the exponential factor, one finds [from the
expression for its argument given in the text immediately subsequent to
(3.5)] that (with fw/kT = 2mhicv/kT = 3.98)

expl....} = exp{-(3.98)(1.37)} = exp{-5.45} = 43x1072 ., (3.10b)

It is thus seen that the theoretical value of k is smaller than Kexp

by at least three orders of magnitude!

In seeking a road out of this impasse, omne should note that the
primary "culprit" is the exponential factor,accounting, as it does,
for two out of the three orders of magnitude of discrepancy. Physically,
this factor represents the effect of finiteness of collision time .
in particular the fact that T. is so large that the condition for the
validity of impact-type theory (namely, Wt < 1) is grossly violated.

In this connection, it may be helpful to recall the remarks of
the second paragraph of Chapter I of Ref. 2 (albeit somewhat rephrased
for application to the present problem). Three alternative physical

F regimes were therein described.

1. The domain of external frequencies obeying the condition28

wt, < 1: This is the regime of the impact theory.

2. For frequencies such that Wt > 1, the spectral profile

will follow the predictions of the so-called statistical

-

theory. In this theory, one focuses attention on the

collision-induced perturbation of the instantaneous

transition frequency.29 Two possibilities arise. If

a collision gives rise to perturbation of the system
(during the transient existence of the collision complex

H20 - H20), such that a perturbed transition frequency

30
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momentarily coincides with the external frequency, w, the
spectral intensity, I(w), will be proportional to the

occurrence-probability of such a perturbation - i.e.,

the probability that any one of the perturbed (rotational) i
transition frequencies lie within a unit differential

frequency range about the spectral frequency, w.

3. If, on the other hand, there are no collisions which
give rise to perturbed transition frequencies in the
vicinity of the spectral frequercy, w, one may expect
the spectral intensity, I(w), to decrease exponentially
with increasing frequency-discrepancy (said frequency-
discrepancy being the difference between w and the closest

perturbed (rotatiomal) transition frequency).

With respect to the theory of Section II of this paper, we have
already seen that, under the given physical situvation of interest to
us, the condition wr < 1 does not apply, so that the impact-type

frequency distribution (case 1) does not occur.

As far as the second of the above-listed three cases is concerned —
the theory contains no effective mechanism for rotational perturbations
of the magnitude required to encompass frequencies in the domain of
interest (103cm—1). The frequency variation of the absorption coef-
ficient therefore falls into the third category — as is in fact
evidenced by the appearance of the exponential factor on the r.h.s. of
Eq. (3.5) (the negative argument of which is readily shown from Eq. (2.58) i

and Table I to be a numerically increasing function of frequency).

At this point a qualifying remark is in order. In a strict mathe-
matical sense the change in rotational motion which arises via inter-
action of the rotating dipole with the (assumed exponentially repulsive)
potential of the colliding particle — taking place as it does in a

finite time, Te — is characterized by a frequency-occurrence distribution
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which certainly includes the spectral frequency of interest (v = 103cmfl)
(otherwise the absorption coefficient at that frequency would be zero).
In fact, from this strictly mathematical point of view, there is no
distinction between cases 2 and 3. However, especially under the con-
ditions Wt >> 1, it is, in “he opinion of the present author, physically
meaningful to ask whether, within some sub-intcrval of the collision
time, Tos the rotational motion may be characterized, zt least momen-
tarily, by a frequency in the vicinity of 103cm—1. Such a possibility
will in fact be suggested at the end of this section; although detailed
calculations have not been performed, it is (hopefully) anticipated that
the suggestion will provide the key to the understanding of Burch's
experimental findings.

However, to proceed systematically, let us first investigate one
other possibility of increasing the absorption cross-section — a
possibility suggested by comparison of (2.58) with the previously
obtained impact expression (2.55). Such comparison — taken in con-
junction with the text immediately subsequent to Eq. (3.10) —
immediately poses the question as to whether some mechanism can be
found to diminish the argument of the hyperbolic sine in Eq. (2.54)
to the point where sub-case 1 of the previous section obtains, i.e.,

where

2 Tw ~
T 1. (3.11)
u(vi+vf)

Such a mechanism is, at least in principal, provided by the existence of
attractive interactions; the question as to whether it is actually ade-

quate will now be studied.

In order to simplify the discussion, let us introduce the
approximation of considering the attractive interaction, Va(x) (which,
in practice would vary as some inverse power of xl) to be constant;—Va,

— equal in magnitude to its value at the classical turning point.
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Just as in the somewhat analogous Takayanagl approximation, discussed in
Ref. (2), (Chapter I, p. 31-32), this approximation should be valid — at
least for semiquantitative estimates — when Va(x) varies sufficiently

slowly so that

d

k, | 1 log Va(x)| > 1 (3.12a)
k. | < 10g V.(x)| > 1 (3.12b)
£ ' dx a : :

Since this condition 1is already on the borderline of being obeyed by the
relatively rapidly varying repulsive potential, it will here be assumed
to be applicable without further ado.

With the assumption of constant attractive potential the analysis
becomes rather simple, in that the velocities v, and \L in (2.54) are now
given by the formulae

i/2

v, = 22 (B, + V) (3.13a)

v, = 22 oV n)l/2 | (3.13b)

with Ei retaining its former significance as the initial energy 2l at

x —’ wl

Introducing (3.13a) and (3.13b) into Eq. (2.54) — together with the
additional assumption (to be verified below) that for the case of interest

Va is sufficiently larger than E, to permit us to neglect the latter

i
quantity in (3.13a) and (3.13b), the integral in (2.54) 1s immediately

evalued, and one obtailns

Q= e’ (l-e_hw/kt ) i 2 2n1w/a (3.14)

csch = 3
Nw 1/2[V1/2+(V ¥hw)1/2]
a a

3eq’ Teff (2/M)
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One sees that, provided that Va is sufficiently large — i.e., large
enough so that the condition

2rw/a
<1 (3.15)
2w 2 [v 2w /2]
a a
is obeyed, impact-type behavior will result, with Q being given by32
/2., 172, 12 '
2 “fAw/kT [V +(V -+'hw)]
e l-e a a
Q= 5 v = . (3.16)
1 3mMw ¢ eff
2
i 1f, on the other hand, (3.15) is not fulfilled, (3.14) becomes
: N 21re2 l—e_.hm/kT 4rw/o
¥ Q = o E exp ( - , 1/2 172 (3.17)
%8 eff @My 2[ Vi 2o ) ]
- In order to proceed further it is now necessary to put numbers into
1
r (3.15). Inserting values for the physical quantities which have already
I been employed, viz:
a=4x 108 cm_l
7 =93 emt
and M=2M
an -
into (3.15), one obtains
v+, s)l25 2.9 ev . | (3.18)
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The required value of Va is then seen to be v (2.9)"= 8.4 e.v. Such a
magnitude is impossibly large.

A reasonable estimate of the magnitude of Va to be expected in
HZO-H20 collisicns may be obtained by using force-constant data derived
from experimental values of the virial coefficient in H20 vapor. A fairly
exhaustive discussion of various representations of the interaction-
potential between two water molecules — with agssoclated numerical values —

is contained in the book, Molecular Theory of Gases and Liquids by

Hirschfelder, Curtiss, and Bird (HCB). For our purpor=zs, ome of the
simpler forms, the so-called Stockmayer potential [HCB, page 211, Eq.
(1.3-33)],

2 3(1_11'5)(1_12‘5)J

5
r

,_
2 ]
Wl iz

12 6 2 '
= 4¢ ((%1 = L%) } - 33- LZ cos 61 cos 62 + sin el sin 62 cos(¢2-¢1)] (3.19)

will be employed. In this form, the interaction between two identical polar
molecules is expressed as a sum of a Lennard-Jones potential (r=intermolecular
distance) and a dipole-dipole term, in which the charge distributions of

the individual molecules are represented as point dipoles (61, ¢, and 62,
¢2 being the polar coordinates of the dipoles with polar axis parallel to
the intermolecular vector, r). The values of the constants €, and ¢ for
the H,0-H,0 interaction are listed in Table (3.10-1) (page 216 of HCB).

They are

e/k = 380°K (3.20a)
o= 2,65A (3.20b)
35
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which, together with the known dipole moment

n = 1,84 x 10_18 e.s.u. (3.20c)
H20

provides us with a concrete expression for V(r).

The procedure to be used here for obtaining an upper estimate for
Va from (3.19) is as follows. One maximizes the attractive interactions
by taking the dipole moments L, and P both parallel to the intermolecular
separations (i.e., 61 =6, = 0), (3.19) thereby reducing to

oo ([ - 2] 25 @

One then identifies Va with the values of au2/r3, where ro is the closest

distance of approach of the two molecules. An approximate condition for

the determination of ro 1333

v (ro) =0 (3.21)

which with the introduction of a new variable

x, = (o/ro) (3.22)
plves
R_B_ T4
0= V(xo) = 4¢ {}o -x - _HE_ xé} . (3.23)
207 ¢

Discarding the trivial solution, x, =, one has then to solve the

cubic equation

36
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2

3 T
X - X =3 (3.24)
207¢
:
From (3.20a), (3.20b), (3.20c), one determines the numerical value of !
the constant term in (3.24) to be
2 i
“3 . (3.25)
20 ¢

A sufficiently accurate solution of (3.24) and (3.25) is
X, = 1.48 (3.26)

which, when substituted into the last term of (3.23), gives

2 .2
v;"““‘) - -2-% - —2-“-3 x_ = 5.4 % 10713 erg = .34 ev . (3.27)
T [o}

Comparing (3.27) with the value of v, required to satisfy (3.18)
— namely Va 3 8.4 ev — one sees that (3.17), rather than the impact ex-
pression, (3.16), is the appropriate formula for Q. Let us therefore
combine (3.16) with (3.1) and (3.3) %o ubiain the following expression for
the absorption coefficient

¢ = Q N 81re2 (l-e_hwkT ) <> exp | - brw/a : :} .
eff "a 3a2 fiw c (2/M)1/2[Vi/2 1 (Va I hw)l/z] ’

(3.28)

Upon inserting the numbers given by (3.21), (3.7a), (3.6), (3.7b) and
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(3.27) into (3.28), and utilizing the (appropriate) formula M = ZMH,

@ as well as o = 4 x 1020 cm_l, v = 943 cm_l, and T = 300 K, one has (with

the neglect of e-ﬂw/kT’

k< 1,06 x 10_9 PaPp exp {-4.6>cm_1
(3.29a)

- 2.5x 107/ exp <;4.§> em T

(the last number being obtained from P, = pp = 15 torr, in conformance

with Burch's experimental conditions). Finally, with 2_4'6 = ,01, one

has

-1

< =25%10° cm (3.29b)
! which exceeds the previous upper limit estimate, given by (3.9) and
l (3.10), by a factor of 2.5/.43 = 5.8, but still falls short of the ex-
! : perimental number, given by (3.10), by a factor
i (.
Kex/Kth > 520 (3.30)

i.e., still close to three orders of magnitude! It thus appears that a

substantially new physical ingredient has to be injected into the theory.

o A T R g T, AW T Tk D%

In what follows, one such possibility, which appears to be hopeful, will

be discussed briefly.34

The new physical ingredient is in fact contained in Eq. (3.19)
! — namely, in its dependence on the angular orientations of the dipoles
(as given by the second term). Preliminary estimates indicate that, at

e ~ 2.2A (as given

intermolecular distances of the order of r, - o'/xo
by (3.26) and (3.20b)), the rotational motion is sufficiently hindered
& so as to be converted into libration about the potential minimum

(61 =6, = 0). According to (rather crude) preliminary estimates, the

38
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associated librational frequencies are in a domain v 500 cm-l° In view
of the fact that, at the distance of closest approach the dipole-dipole
approximation is certainly inaccurate for quantitative estimates of
librational frequencies,35 this estimate should, in the opinion of the

present authors, be regarded as promising.

In this connection, some remarks concerning the absorption spectrum
36

of H20 in its condensed phases are in order. It is known™  that whereas
the vibrational spectrum of H20 vapor is largely retained in both water
and ice (with relatively small frequency shifts), the rotational spectrum
is wiped out. In its place, there appears a broad absorption band, whose
maximum varies from 700 cm_1 (liquid) to 850 cm-1 (ice at -9°C). This
band,usually designated as a ''librational" band, is considered from
hindered rotational motion — the latter being associated with H-bond
formation. The H-bond in turn is generally considered to owe its
existence to the primarily electrostatic attraction between one of the
(positively-charged) H-atoms of a given H,0 molecule and the (negatively-

charged) O-atom of a neighboring H20 molecule.

Apart from quantitative dets:.l, this picture-is essentially
identical to that suggested in this section. Namely, even in the gas
phase, at sufficiently close distances of approach of two colliding HZO
molecules, a temporary dimer (H20)2 is formed; it is eminently reasonable
that, during its (admittedly momentary) existence, this dimer possesses
librational (hindered-rotational) frequencies in the spectral range of

interest (103cm_1)o The principal problem is then to compute the

occurrence-probability of a unit frequency range about an arbitrary spectral

frequency; according to the statistical theory of collision broadening
a knowledge of this o:currence-probability will lead directly to the

absorption coefficient for said spectral frequency.
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APPENDIX 1

In this appendix, the relationship between the real problem of

absorption associated with the collision-interrupted motion of a rotating

;
|

dipole and the text-model of absorption by a charged particle undergoing
collisions with fixed scattering centers will be developed.

The basic starting point of the treatment is the Kramers-Heisenberg
formula for the polarizability, a, of a (rigid) rotating dipole, inter-
acting with a fixed (random) array of scattering centers (generalized to
include the dissipative and finite temperature effects). This expression

reads

2
1
<“|“z|m>\ [E-E HMurkifis
n m

a--%Ze_BEn

nm

+ (1.1)

E -E ;hw-ihs ]'
n m

Here B = 1/kT (with k and T respectively Boltzmann's constant and
absolute temperature), Z is the partition function of the system En is
any one of the (exact) eigen-energies of the total system,< n|uz|m>
is a typicel matrix element of e.g., the z-component38 of the dipole
moment, w is the external frequency and s an infinitesimal positive
number.39

0f specific interest here is the imaginary comporent of polari-

zabilicy, o This quantity is gotten by taking the imaginary part of

il
the r.h.s. of (I.1); with the aid of the standard relationship

lim 1
80 X

= -T- T\'G(X)

+

is

it takes the form
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o, = 1 \—- e-BEn l I > ‘6(E -E ¥h ) -8 (E -E -h )‘
i Z /. o Kyl n m Y n om o °
nm - '
ui -8, -8E 2
=EZ (e -e <n|uz|m>' §(E -E +huw)
nm
__-Bhuw -BE_ -BE 2
-2 L e_ehw ) (e ™e M o nlu lm> | §(E -E +hu)
1+e i
nm
T B‘h 9 |2
- -z- -—2- < nluz|m>| G(En-Em-l*hw) + G(En-Em-’hw) (1.2)
= -

wherein the device of gummation-index interchange has been utilized re-

peatedly, and where cognizance has been taken of the relationghip
E =E +Hhy
m n

in writing the third equality.

One now expediently introduces the Dirichlet repfcsontation
40
1 ixt
§(x) = e [ e dt i
-00

for the delta function into (I.2); the standard rules of matrix multi- 1

plication may then be utilized to rewrite (I.2) as i
]
"~ ;
1 Bhw
o, = i tanh -2—[ cos wt<uz(t)uz(o)> dt (1.3) |
-y -0
-y
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where

1]

<u (B, (0)> -;— Tr {e_eueiut"h uze_mtmuz} (1.4)

is the dipole-dipole '"response' function, H being the Hauiltonian

operator of the total system.

In this appendix, the discussion will be restricted to classical

conditions — specfically

fiw < kT (I.5a)
ﬁwrotational < KT (I.5b)
(I.3) may then be approximated by
go [T
a = ij cos wt< uz(t)uz{o)> dt . (1.6)

-0

In order to proceed further, specific assumptions concerning the
dynamics of the system have to be introduced. In this treatment, said
dynamics will be described by a stochastic model, of the general type
developed in the theory of Brownian motion. Specifically, it will be

assumned that

(a) 1in the absence of collisions, the dipole undergoes simple
rotatory motion (characteristic e.g., of a simple rigid-

rotator possessing no internal angular momentum) and

(b) at certain "impact" times, ti’ the vector angular velocity,

Yo changes abruptly to a new value, i) however, the
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orientation of the dipole, ui/u, remains unchanged.41 It

< is further assumed that the direction of Wi41

being perpendicular to the rotator-axis (and hence to Hi) is

» apart from

otherwise randomly arbitrary.

On the basis of this model, the calculation of the response function
<:uz(t) uz(o):> may be carried out as follows. In the time interval be-
tween zero and t (here considered pusitive for the sake of definiteness;
later, it will be established that the response function is an even
function of t) there will in general occur a certain number of impacts at

times tl’ t2, ons anF tn—l; in each of the n intervals in-between collisions,

the motion is that of pure rotation. Denoting by By the value of u at
tae ith collision time, ti’ one has

Y41 X B

u(t) = cos w, (t-t ) =
Hy i i Wyl

sin wy (t-ti)

A S e

Using the above stated assumption concerning randomness of

direction of the angu?~r-velocity vector, By in a plane perpendicular

to by, one has immediately42 (upon replacing i by i-1 for convenience) )

Lule) > =Ly 1> cos w(e'-)>; (e, ; 8¢t 3 tys t,=0). (L.7)

In particular

> =Ky ><eos wy (tymty 1> =y g cos vy 6, >

i'th

where 0, = t is the time interval between the i'th and the (i-1)

-t
i i i-1
collision; the various ei are assumed to be distributed according to the

gtandard relationship
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_ i .
W(ei)dei =e dei/T . (I.5)
For the final interval between the times of last impact, t-1 and
time t, one has
<Ji(t)> =L -En—l>< cos w 8 (1.9)

with en =t -t i the occurrence probability of 8 (i.e., that there
be no collision in time en) being given by

-6/t
W =e 4 . (1.10)

Puiting all these results together ome has for the contribution to
<: uz(t) uz(O):> due to all processes involving n collisions between

time zero and t.

9, o “
<, (0) uz(0)>n = I fdo)..fde 8ft-) 8y
(o] o

i=1

- —Oi/r

< <cos w0, > = : (1.11)

On the r.h.s. of this expression, the factor, 3, in the denominator
arises from taking an average overall initial orientations (at t=0), and
the delta function guarantees that the sum of all the intervals, ei, is

equal to t. Finally, the superscript "(+)" on the 1l.h.s. depicts the
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fact that the relationship is valid only for positive time; otherwise the

r.h.s. is manifestly zero.

With respect to negative times, it may be noted that, since the

correlation function depends only on relative time, i.e.,

<y (et () > = u (D) (0) > (1.12)
one has

<uz(—t)uz(0)> - <uz(0)uz(t)> . (1.12a)

Now, in a classical theory, uz(t) and uz(O) are c-numbers, so that the
order in which they are written is immaterial., It then follows immediately
that, for t > 0

Ly 0, (0 > = u (0)u, (0) >

or

)
Ly (1, = oy (e, @ (1.13)

the r.h.s. of (I.13) being given by (I.1l1l).

With the aid of (I.13), one may rewrite the basic relatiomship

(1.6) for o, as

i

o

o, = Bw cos wt <:uz(t)uz(0):> dt (I.14)

o
Since, now, only positive times are involved, one may forthwith introduce
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(I.11) into (I.1l4); a subsequent time integration then yields (upon also

summing over all interval numbers, n, from one to infinity).

2 ¢ n f -8, (1/1+iw,)
o, = -B‘QMLCE i [clO, <~ cos w.0.> = e i 1
i 3 A= i i4 T

i=1 \/ .
n=1
" n
2 .
= - EJE;-— n -iwrz L ;‘M 55 . (1.15)
- (1-iwt)™ + w Ty

n=1

The braces signifying the remaining averagz over each of the Wy

Concerning this average, it is undoubtedly most appropriate to
assume (as in fact done in Gross's paper6) that the w, are each thermally
distributed. However, in the interest of transparency, the simpler pro-
cedure of taking all the wy equal to one and the same angular speed, W,

given eventually by an appropriate thermal average will be adopted.

Introducing, then, the replacement Wy > W, and carrying out the

sum over n, nne obtains, after a little algebra

2
@ = - ﬁ_g_ rg - (~1wt) (1-1wT) > (1.16),
(-iwt) (l-iwt) + W
3 2 wi
- -

or, more explicitly,
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For the case in which

1
= < < Ww _,W
T r

(1.17)

(1.18)

(which applies to our problem), and for w not too close to . (1.e., in

the far wings of rotational lines), (1.17) reduces to

2
2 W (1/1) o

u2 mi(l/r)

0y = =
1775 Baddl

2

Zmr
1+—]. (1.19)

2
w

At this point, it is desirable to take the thermal average over ...

For the case of a simple (linear) rotator, the weight function is

2
e—BIm /2
r

so that

and (I.19) becomes

-y
-
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2 4<w >
a2 p 1 = m G D
a, =3 I 3 1+ 3 ] (1.21)
W W

A somewhat more useful form of (I.21) is achieved by expressling

<w > in terms of the characteristic rotational constant,

h

B = e (1.22)
From (I.22) and (I.20a), one has
<w2>= 2 4mcB _ 8nkTcB
r B n n
anc
2
v, >
r kT B
7~ =4 (zmc) =2 (1.23)
w v
where w has been expressed in wave numbers
v = w/2te .
Inserting (I.22) into (I.21), one has
_2ut 1 [, 168 kL) (L.28)
%531 I =2 \2mcl| - '
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It is now of irterest to estimate the magnitude of the secoand term in
the square bracket for the case of interest to us. Here the relevant
numbers are v = 1000 cm_l, kT/2m¥c ~ 300 cm-l and43 B v 30 cm-l. Insert-
ing them into (I.24) gives for the second term & magnitude % 0.15. Let :
us now nate that the whole effect of rotational motion is contained in

this term. The above numerology exhibits that this motion, although non-

negligible is of secondary importance in determining the absorption at

10 microns. In particular it justifies the text procedure of replacing

rotatory motion of the dipole by linear motion of a fictitious charged
particle.

A final point concerns the values of charge and mass to be used
for this fictiticus particle. In the case of a diatomic rotator, one may

express u and I in terms of internuclear separation, R, as

p = eR
b= red R2
(I.21) then becomes
ai=% Me2 % [1+ ] : (1.25)
red Tw

The corresponding expression for the real part oIy of the complex |
"conductance'", o = -1wo (i.e., op = w+i) reads
2 h
sw =% £— 5 [1+... (1.26) i
red Tw

which, apart from the correction term in the square bracket (discuased

above) and the factor 2/3 (reflecting the fact that the number of degrees

HE & shipa i v
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of rotational motion is two, as compared with three for translation) is

‘ just the well-known Drude formula for absorption assoclated with the
(impact) collision-interrupted motion of a free particle of charge e

and mass M . It is thus clear that whenever the ratio e2/M occurs
red red

in text equationsaa, the appropriate replacement recipe 1is:

2
m — T (1.27)

red

i
;
i
q
|
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APPENDIX II1

Pt i b W s 2

In this appendix, the integral in the text Eq. (2.56) will te
evaluated by the method of steepest descents. The integral in question

is of the form

-]

O ) GO R (11.1)

where

F(y) = ay + 1/[yl/2 + (y+1)1/2] (11.2)

(the dimensionless parameters, a and b, being defined by the text Eqgs.

(2.57b) and (2.57c), respectively).

The first step 1s to locate the saddle-points, as defined by the

equation
i

F'(y) = 0. (1I1.3)

Differentiating (II.2), one has
' v—l/z + (y+1)-1/2
Fi(y) = a - =73 17272

2[y + (y+l) ]

which, after a few algebraic manipulations, takes the form
1 g (31.4)

F'(y) = a -
25 21y 12 (Y12 4 (1)1
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Introducing (II.4) into (II.3), one obtains the saddle-point equation

1
2yt/% (y 41)t/? [Yil 24 )

a = (11.5)

1/2

(the subscript, s, denoting the saddle point values45 of y).

The usual procedure is to solve for Vg in terms of the (physically
variable) parameter, a. In view of the complicated algebraic form of
(I1.5), the (equally appropriate) procedure of regarding yg to be the
basic parameter — given in terms of physical quantities via (II.5) and
the text Eq. (2.57b) will be followed.46

The next step is to develop a Taylor expansion of F(y) about Vg
(up to and including terms quadratic in y-ys). For this, F"(ys) is re-
quired. Differentiating (II.4), and using (II.5) (together with algebraic
manipulations of the type employed in establishing the final form of
(11.5)), one obtains

1 1 1
F"(y ) = _a. —_ ¢ 4+
2 +1 1/2 1/2
s y y ys/ (ys+1) /

(11.6)
s s

Using the stardard steepest-descents approximation of replacing
F(y) by its Taylor-eryransion in the vicinity of the saddle point, and

extending the lower limit of integration to minus infinity, one has

T= 1 2
S e-b F(y) +3 F"(ys)(}"ys) 4

-0

1/2

-bF(y )
= [BF—'Z""(—)] e 8 (II.?)
L ys
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- where F"(ys) is given by (II1.6), and where

1
3 Ys ¥ 172

F(y_)
& yg + (ys+1)1

/2

a [ys + Zy;/Z (ys+l)1/2]

(the second equality arising from use of (II.4)).
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R. M. Goody, Atmospheric Radiation I. Theoretical Basis (Oxford
1964) Section 5.4.7 (pp. 195-196).

High Intensity Laser Propagation in the Atmosphere, TRW Systems Group
(Final Report 05691-6003-R000) Chapter I.

Summary of May 16, 1967 meeting on Infrared Atmospheric Absorption,
p. 2.

It should be stated that the inadequacy in question refers
specifically to H20 - H20 collision-broadening; the theory may still
find application to a variety of other cases (e.g., broadening by

collisions of H20 with nonpolar gases).

I.E., subject only to the requirement that the angular velocity
vectors before and after collision by perpendicular to the momentary

dipole orientation vector.
E. P. Gross, J. Chem. Phys. 23, 1415 (1956) .

In particular this methed is more closely related to the detailed

calculations of this paper than the Boltzmann equation approach.

As shown in detail in the appendix paragraph subsequent to Eq. (1.24),

this is the case for our problem.

Mathematically, the intensity is proportional to the absolute square
of the Fourier transform of the electric current. As is known, the
magnitude of said transform is determined principally by time vari-

ations on a scale of 1/u (or less).
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10.

11.

12,

13.

14,

15,

REFERENCES (continued)

The last assumption is appropriate fer our case, if the collisions of
interest are between the absorbing molecule (H20) and the principal
atmospheric constituents (N2 or 02). For H20—H20 collisions, the
assumption is still qualitatively appropriate.

In the case of H20, the most relevant interactions -— i.e., those
affecting the rotational motion are those between each H atom and the
perturbing molecule. Ignoring H20-H20 collisions, — i.e., focusing
on the collisions involving the principal atmospheric constituents —
0, and N

2 2
(a) an attractive polarization type interaction (%l/ra), arising from

, one may assume the interactions to be mainly of two types;

the partially ionic character of H20 (with each hydrogen atom having

a net charge e ve) and (b) a repulsive interaction which will be
assumed to have the exponential form given by Eq. (1.4). Provisionally
the polarization term will also be neglected; the general question of
attractive forces will be considered later — especially in connection

with Hzﬂ-HZO collisions.

Eq. (1.107) of Ref. 2.

it is expected that a recipe similar to that used in Ref. 2 will be

found adequate for our purposes.

Here, and in what follows, only ¢(+) will be treated explicitly; the
results for ¢(-) will be found to be almost automatically inferable
from those for ¢(+).

It may be remarked in passing that this last feature corresponds
completely to the well known classical proportionality between the
amplitudes for either absorption or stimulated emission processes and
the acceleration of the charged particles involved. In the case at

1 23V(x)

hand, this acceleration is (in zerot? order) — §¥ Tox
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16.

16a.

17.

18.

19.

20.

REFERENCES (continued)

The ratio kf/ki arises from the circumstance that the outgoing and
incident waves are characterized by different velocities, their ratio
being kf/ki' The factor 4 occurs simply by virtue of the asymptotic
form of wi(x), as given by (2.10), the incident amplitude of which is

{ "i(ki x + 61)

_2' € .

It is here tacitly assumed that the potential, V(x), is sufficiently
repulsive so that wi, wf, and wsc all drop exponentially with diminishing
X, once inside their respective classical turning points. This property

in question certainly holds for a potential of the form V(x)« e ¥,

A standard reference is Morse and Feshback, "Methods of Theoretical
Physics" (McGraw-Hill, 1953), Vol. II, page 1687, et seq. The case
at hand, namely the one-dimensional repulsive potential, is treated
explicitly in Ref. 2 [pp 14-15 and Eq. (I.35)].

Tables of Integral Transforms, Bateman Manuscript Project (McGraw-Hill,
1954), Vol. 1I.

AEw will ultimately be interpreted as the absorbed energy per
"effective" collision. Its product with the "effective" collision
rate, l/Teff’ will represent the rate, W, of energy absorption from
the field per absorbing molecule; dividing W by the magnitude of the
Poynting flux vector of the electromagnetic field will then yield the
ultimate goal of the calculation, namely the absorption cross-section

of the polar molecule.

Since our calculation may be regarded as a lowest-order Born approxi-
mation (with the electromagnetic field providing the perturbation
which causes transitions between exact eigen-states of the field-free
system, microscopic reversibility (symmetry with respect to interchange
of initial and final state indices, ki and kf is an immediate conse-
quence. (Note, incidentally, that (2.40) is manifestly symmetric with

respect to such interchange.)
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REFERENCES (continued)

21, I(ki)dki is seen in (2.43) to be equal (apart from the normalization

-

factor) to the spectral component of the particle flux at ki' In this
connection, it will be recalled that P(+) (ki+kf) is defiied in terms
of the ratio of incoming to outgoing particle flux.

22, Cf. Ryshik and Gradstein, Tables (Deutsche Verlag der Wissenshaften,
1963), formulae 7.322 and 7.335.

23. In Drude's theory, absorption (in the wing-region, wt >> 1) is pro-
portional to the real part of the conductivity. This quantity is given
by the formula

N
A=

o(w) = —=—

Muw
(per charge carrier). Corresponding to this real part, there exists
a nonvanishing energy transfer from the electromagnetic field to the

charged particle, given by

2c(w)E§ =28 % éi :

Dividing by the incident flux, cfii/Zn one then has for the absorption

cross section,

qf 2 s q.e.d.

With regard to the factor 4/3, occurring in (2.52) it should be

pointed out that the factor 1/t in Drude's expression actually denotes
the momentum-transfer collision rate, and should thus be equated to

the total collision rate times the factor<l - cos y > (where ¥ is

the scattering angle). Now it is a relatively straight-forward exercise
to show that, in specular reflection from a plane surface, an average

over all possible angles of incidence,<:c031p:>- - 1/3; hence

<1- cos vy > = 4/3.

%
w iy
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24,

25,

26,

27,

28,

29,

30.

REFERENCES (continued)

The circumstance that (2.55) is an impact-type expression should not

be surprising, since the physical significance of its condition for
2mw

validity (namely T << 1) is simply that an appropriately
i'f

defined "collision ctime" (in this case, the interaction range, 1/,
divided by some average velocity, (vi+vf)/2) be small compared to the
reciprocal of the external frequency, w. This condition is one of the
standard criteria for the applicability of impact-type theories (cf.
T. Holstein, Phys. Rev. 79, 744 (1950).

For this table kT and M were set equal to 300°K and twice the

hydrogen~atom mass, respectively.

As remarked in the introduction, even this upper limit will be found
to be substantially smaller than the experimental value for HZO far-

wing absorption reported by Burch.3

This formula actually gives the r.m.s, relative velocity, but is

sufficiently accurate for our purposes.

Actually, the quoted paragraph gives this condition as (w—wo) L 1,
where Wy is the unperturbed line frequency. In our problem, as
discussed lengthily in Appendix I, this frequency (i.e., any one of

the dominant rotational frequencies) is set equal to zero.

In the case at hand, one has to consider the perturbation of the
rotational frequencies (or, more generally, the rotational motionm,
itself) arising during the transient existence of the H204H20 collision-

complex.

In the actual physical problem, this would correspond to the distance
of closest approach of the one of the hydrogen atoms to the nearest
atom of the perturbing molecule (e.g., in HZO-HZO collisions the
closest distance of approach of one hydrogen atom of the first H20
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31.

32,

33.

34,

35,

36.

37.

REFERENCES (continued)

molecule to the oxygen atom of its collision-partner). Said distance,
as well as the magnitude cof Va’ may ultimately be estimated by various
methods (e.g., structure and hydrogen-bond energies in ice and liquid

water).

This statement implies, of course, that one doesn't take v, (x) to be
literally constant; otherwise it would cancel out of the problem. One
has always to understand the assumed constancy in the limiting sense
in which Va(w) is still zero.

The characteristic w-z dependence of (3.16) of classical impact theory
manifestly obtains in the limit i w » O.

Strictly speaking, we should set V(ro) equal to the initial relative
kinetic energy of the two molecules. However, as will be seen
aposteriori; the individual magnitudes of the attractive and repulsive
components of (3.20) are sufficiently large so that said relative

kinetic energy represents but a small correction.

Only the barest outlines can be given at this time, since no specific
calculations have as yet been carried out. It is hoped to have something

more definite for the final report.

In particular, there are actually two potential minima, each of which
are characterized by the formation of the well-known hydrogen-level

configuration: 0 — H --- 0,

cf. G. C. Pimental and A. L. McClellan, The Hydrogen Bond, (Freeman
and Co., 1960), p. 126.

The justification for the use of this theory, as well as all other
developments of the hindered-rotation approach, will have to be

reserved for the final report.
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38.

40..

41.

42'

43,

REFERENCES (continued)

It is herewith once and for all assumed that the (field-free)
Hamiltonian of the system is such that there is no preferred spatial
direction. Thus, any cartesian component may be used; in fact

|<n|uzm>|2 will eventually be replaced by %’|<n|u|m>|2.

Literally, s arises from the recipe that the field be slowly "turned
on" (as eSt); as is known, such a recipe leads to a correct description
of dissipative effects. In the standard Kramers-Heisenberg formula,
the fact that the energy denominators En = Em + fiw are nonzero permits

one to go to the limit s = 0.

(I.5a) is of course violated for the problem of interest to us, but
should be adequate for the restricted goal of this appendix, namely,
a study of the adequacy of replacing rotational motion by linear

motion.

As has heen pointed out sometime ago by E. P. Gross, J. Phys. Chem.

23 p. 1415 (1955), this latest feature of 'conservation of orientation"
is contradicted by the "strong-collision' model of van Vleck and
Weisskopf, Rev. Mod. Phys. 1948, 1946, which assumes complete
disorientaticn per collision. Incidentally, although the present
treatment differs from the Boltzmann equation approach of Gross, it

leads to equivalent results.

In a stockastic theory, the symbol<:....:> acquires the meaning of
a mixed stochastic-thermodynamic average, the stochastic aspect
consisting of averaging over all stochastic possibilities with

appropriate weights.

Actually, in the case of water vapor, wher rotational motion is that
of an asymmetric top, three rotational constants (corresponding to the
three moments of inertia) exist., The value given here is that which

appears to be the most relevant for rotation of the dipole-moment.
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44,

46.

REFERENCES (continued) |

In these equations, the subscript "red" is dropped for notational

convenience,

-

Inspection shows that the r.h.s. of (II.5) is monotonic; there is

hence only one value for the saddle point, Yo+

The value Vg for a particular value of the parameter, a, may ulti-

mately be determined by any convenient numerical or graphical

procedure.
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Chapter 2.

STIMULATED RAMAN EFFECT
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1. INTRODUCTION

In a previous reportl the general time dependence of Raman back-
scattered waves was considered and applied to the specific problem of
the self-quenching of a very intense laser beam in the atmosphere. 1In
this report we shall first review some of the general results obtained
previously. Next, we shall describe the action of a Raman amplifier.
Finally, an attempt to quantitatively describe a recent experiment2 in
Raman pulse generation will be presented. The research for this last

description hae not, as yet, been completed.

Let us consider the interaction of a beam of laser light passing
through a length of Raman active substance, with a beam of light at the
first Stokes frequency of the laser light in that substance. If the
second beam is traveling in a direction which is opposite to the first
it will be amplified by the stimulated emission of backscattered light,
Assuming that all dissipative processes = including the stimulated
emission of forward scattered Raman photons— are inconsequential (i.e.,
they contribute a negligible amount to the depletion of the laser beam
intensity within the length of Raman active material considered) then
the densities of the laser photons pl(x,t) and amplified backscattered

Raman photons pb(x,t) in the substance are related by the rate

equations
Z+cL)o, = -0 (ap +8) (1)
at ax | g ety
3 )
(Bt L Bx) P, = t o lap +8) 2
where
3 Q
a = £ . o(nr) and B = ¢p o(n)'Jl
2 Pr T 4 -
2v°Av
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g The quantity o(n) is the Raman backscattering cross section, Pr is the number
density of the medium, Av is the line width of the amplified wave and
Qo is the effective solid angle for Raman amplification -Qo will be

discussed in greater detail later in this report. The change of variables

i
i

RQ(S’T) oQ(X.t) 5 Rb(S’T) = ob(X.t) 5

enables us to write Eqs. (1) and (2) as

aRl

2 e 'Rz(aR'b+B) (3)

N

2 ey Rl(aRb+B) (4)

The general solution of these equations is given by

F(s)
G(1) - 5 F(s)

RQ(S.T) (5)

G(1)
G(1) - %‘F(s)

(6)

Ry(,1) = - gt

where F and G are arbitrary functions and F and G are the derivatives of

these functions with respect to their arguments.

Equations (5) and (6) have been obtained previously. The appli-
cation of boundary conditions to these equations in such a way as to
describe first a Raman amplifier, and then a Raman pulse generator, is

the subject of this report.
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2.. THE RAMAN AMPLIFIER

Consider a situation in which a Raman active material occupies
the slab 0 < x < L. Let laser light of constant intensity be incident

on this slab from the left so that

0,(0,8) = o ()
for all time. At t = O the slab is irradiated on the right by a beam
of light at the first Stokes frequency of the laser light in the sub-
stance. The photon density of the Stokes light is given by R(t):

R(t) = pb(L,t) s R(t) = 0 fort<o0. (8)

For the purpuses of this section we shall assume that the spontaneous

creation of backscattered photons in the amplifier is negligible, so that

we may neglect B in Eq. (6). Defining the quantity

n(t) =

Nl

t
J dt' R(t") 9)

we may employ Eqs. (5) and (6) to rewrite the boundary conditions (7)

and (8) in the form:

£ =5, (10)
G(t) - 5 F(t) °
G(t + %) .
= n() . (11)
L. a L 2
G(t +;) —EF(t _Z)
Equation (11) may be written as
B+ -n@ 6 +H = - Li@) e -by (12)
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Defining the quantity
g = 70, (13)

solving Eq. (10) for G(t), and substituting the results in Eq. (L2) we
obtain the differential difference equation for F(t):

Fe+ D+ [g - 1] B+ - gorpce + L

= - e(Fe - & (14)

This equation may be concisely solved in terms of the quantity
E(t) = F(t) 8%, (15)

Equations (5) and (§) imply that we may arbitrarily choose E(0) equal to

A unity. Equation (14) may be rewritten in the form
*fr'
e L
¢
2g=
. " "
E(t) = 1 + 0(t - -'g-) e | dt"n(e") o8t * n(t™)
0
o

® Yi-g J dt'E(t'- %3 g8t ~n(t") , (16)
o

where 6(t) = 1 for t > 0 and 8(t) =0 for t < O, Equation (16) relates
the value of the function E(t) at a time t to its values at times less
than t - 2 -. Since

E(t) = 1 forts% (17)

we may step-wise extend our knowledge of E(t) in time intervals of

£ duration 2 B by first inserting Eq. (17) into Eq. (16) to give
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L 2
E(t) = 1 + 8(t- E') e

o

-

L
t- ¢

t" " ' 1" 1)
n(e- & +-J dt" n(t")J at'n(e’) e8(E -t )HN(END-n(e")
[o} (s}

fort53%, (18)

and then inserting Eq. (18) into Eq. (16) to give E(t) for t < 5 %’-, etc,

The laser and Raman photon densities at any point in the amplifier

are related to E(t) in the following manner

7
Ry(s,7) = p_ - ) - : (19)
< E(s) + J de' eg(s-t ) fi(t')
iy 8
/ = E(T) ;
Rb(s, T) = az(e-zgg = : (20) .
E(s) + J at* €87 fer)
8
The amplified signal is given by ' 3
pplot) = 2EE (21)

Equations (16) through (21) describe the behavior of the amplifier
for an arbitrary pulse. As an illustrative example let us consider an

input square pulse of infinite duration and photon density o.; {.e., let

.

pp@t) = 2 = Znoe) = pen), (22)

where h = apl/2 by definition.
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In this case Eq. (18) gives

L
LB (e (e
E() = 1+22—1nle -1:| + (g+h)g(t- —) (23)
(gt+h)
for L/c <t <3 L/c, and Eq. (21) yields
(g+h) (t- ) :I
(g+h) |h e +8
Py (0,t) = T (24)

[ [(g HR e 1:|+ (g+h) (t- —)] + (g+)? e8¢

in that same interval. Equation (24) exhibits the gain and "pulse-width
sharpening" characteristic of laser amplifiers. Expanding the amplified
signal about its time of arrival (L/c) we find that

P, (0t + )t—>0 py G{1 - (e-Dht + ...}, (25)
where
L L
ZgE az po
G = e = e (26)

is the amplifier gain.

The step-wise integration of Eq. (14) indicated by Eq. (16) is
useful for pulses which are no longer than several times 2 L/c (note,
for L = 30 cm., 2 L/c = 2 nanoseconds). For very long pulses the large
number of integrations required to describe the amplified pulse at late
times would, of necessity, produce considerable difficulties. However,
for the input square pulse of infinite duration described by Eq. (22)
some simplifications can be made and an analytic expression for E(t)
for all times may be obtained. Substituting Eqs. (15) and (22) into
Eq. (14) we obtain

L
5 . 2g7
E(t+) - (gHh)B(t +2) = -ghe © E(t- 3 (27)
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with

L . L 23{:"
E(t) = 1 for t < < and E(39 = he (28)
Defining the Laplace transform of E(t+ %9 by
2 -pt L
E(p) = dt e E(t+ 3) (29)
o
we readily obtain
. 1 Zg% -
E = =4+ he 2 30
®) = 2 T (30)
where
L
2 27(g-p)
D(p) = p" - (g+h) p +gh e : (31)
We may use the Bromwich integral
d+iw .
L L Pt =
E(t+ 3 = Crry J dp e E(p) , (32)
d-i=

where d is such that the contour lies to the right of all the poles of
E(p), to express E(t +") in terms of the finite sum

2gL d 2> n
L c
E(t+3T) = 1l+he ¢ E:(-gh)n e An(t-Z%'n) . (33)
n=0
for N < E% N+l, N = integer, (33)
where
+1
A = L & (e-g) _ pt
n (n+l)! dpn+1 ( g—h)n+1
p=o
+ L &% [p=m _pt
n! n n+2 © (34)
dp p
p=g+h



This result is completely equivalent to that obtained from Eq. (16).

It is much simpler to obtain and express analytically, but still quite
difficult to employ for N >> 1, 1In that case E(t) can be obtained from
Eq. (32) by appropriately distorting the integration path. For

2 L/c # B = h-l-g-l the result is

2L
B+l —ane o ot P 35
‘ ¢ ¢/ tr® = P D'(p ) e ’ (35)
. 0 o
i where P, is the pole of (p-g)/D(p) with the largest real part. It can be
g shown that P, 1s on the real axis and is a zero of D(p)(but not the zero p=g).
g The pole P, is obtained graphically (see Figs. IIa and IIb) by plotting
: the parabola (g + h)p—p2 and the exponential gh exp[2L(g-p)/c] versus
p for p real. These curves intersect twice: once at p=g and once at P=p,-
Examining these curves we find that for 2L/c < to’ 0 =< Py 8s and for
2L/c > t,s 8 < P,< 8 +h. Using Ea. (35) in Egs. (19) and (20) we obtain
i : g8-p
P . 5
8P, e
—_ 2 %o (37
pb(x,t) t>o ©Po 2(g-po)x/c ' )
p,78 e
from which — with the aid of D(po) = 0 — it is easy to show that
o (Lyt) —— 5 45 -2 (38)
; L t>o O 1 ) pO ’
% 0, (0,t) —s 2 (39)
b t> o« O Po °

S

!

Equations (36) and (37) — describing Py and oy in the interior of the
amplifier after a very long time — are graphically displayed in Fig., III.
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Equation (39) indicates that although the leading edge of the input pulse
described by Eq. (22) may be amplified to a value greatly in excess of
po+ Py the tail of the pulse is always given by 2po/a < po+ Pye The

sum of Eqs. (38) and (39) leads to the statement of conservation of

-

A

§

energy: pQ(L,t) + pb(O,t)

po+ pl'
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3. THE RAMAN PULSE GENERATOR

In this section we shall employ a model, based on Eqs. (5) and 6),
and the theory of "self-trapping,"3’4 to quantitatively describe the
results of an experiment performed by Maier, et al.2 In this experiment
a carbon disulfide cell was illuminated by a beam of laser light. Ob-
servations at the entrance of the cell revealed intense short pulses of
backward scattered Stokes radiation. These pulses had a duration
v 3x10"ll sec and a peak power one order of magnitude higher than the
incident laser power. Since the gain in the CS2 cell was quite large,
it is not surprising that the emitted pulse was very intense. However,
the mechanism for the production of the initiating pulse of backscattered
Stokes radiation remains to be explained. The obvious candidate for such
a mechanism is spontaneous emission. However, it has been previously
demonstrated1 that if a backscattered Raman wave in a uniform laser beam
was generated solely by the spontaneous emission in that beam, then the
intensity of the Raman beam cannot exceed that of the input laser beam
(a physical explanation of this phenomena will be given later). Maier,
et al., suggest that "A probable mechanism for the initiation of the
pulse is the abrupt onset of backward stimulated Stokes emission near
the exit cell surface, accompanying the occurrence of laser self-focusing
in that region." 1In support of this suggestion they report that in
measurements of the dependence on cell length of the laser threshold
power for pulse formation, they found a result which was characteristic
of the self-focusing effect. As further support for this suggestion
we shall construct a specific model of the influence of self-focusing
on the amplification of spontaneously emitted Raman waves. The validity
of our model may be measured by the degree of success we attain in

predicting the height and shape of the emitted pulse.

Consider first a Raman active medium and a beam of laser light in-

cident on it from the left. Let the photon density of the incident beam
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be the constant Py and let the time of incidence be t = 0. The boundary

conditions are

DZ(O,t) = poe(t), P (%,8) = 0 for t < 0. (40)

Equation (4) indicates that Rb is a continuous function of s and hence,

since Py = 0 for t < 0 we have

Rb(O,T) = 0. (41)

Using Eqs. (40) and (41) in (5) and (6) we have1

1 - o~ (&¥8/2)s

pp (x,t) = p 0(s)B .
b o] (g+6/2) eBx/ e-(g+6/2)s

(42)
~-gtg

Defining t, to be the time required for the medium to generate a Raman

wave at the entry plane which is half the intensity of the incident wave,

p (08 .
©,t) = i (43)
Pp ¥ty 2 Po ?
we obtain the relation
ap
- 2 0
to(po) = ;;: RHC'E—) (44)

to an excellent approximation. From Eq. (44) it is clear that t, de-
creases with increasing CHe ie., as the intensity of the incident wave
is increased, the time required to generate a Raman wave equal to half

the intensity of the incident wave is decreased.

Consider now an arrangement in which a laser beam is incident from
the left on a Raman active medium which occupies the space x > 0, and
propagates through the medium for a distance L maintaining a constant

cross sectional area (see Fig. IV). At x = L the beam cross section is
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assumed to decrease radically due to self trapping. Let the laser and
Raman photon densities be denoted by e and Py for 0 < x < L, and

022 and Py for x > L. For conservation of flux
pu(L,t) = Apu(L,t) (45)

by hypothesis. In Eq. (45), A >> 1 is the ratio of the beam area in
region 1 to that in region 2. Self focusing occurs btecause the laser
beam is sufficiently intense to induce significant changes in the index
of refraction. These changes are large enough to induce a lens-like
condition in the region about x = L. The initial laser beam in region 1
is consequently focused into a beam of a much smaller diameter in region 2.
In region 2 the focusing effect of the increased index of refraction is
exactly compensated for by the defocusing effect of diffraction and the
beam propagates with a constant cross sectional area. Assuming that
dispersion is sufficiently small, we may apply the principle of optical
reversibility to those Raman photons which are spontaneously emitted
within the cone angle for amplification in region 2. That is, upon in-
cidence from the right on the region about x = L they will be defocused
by the same factor as that for focusing the laser beam incident upon
this region from the left. These considerations lead to the boundary

condition

pz(Lst) = A pl(Lst) . (46)

In a beam of uniform cross section the spontaneous emission is produced
at a uniform rate along the beam. Consider two photons spontaneously
emitted at X and X, with X] < Xy As they travel to the left they will
be amplified. When the intensity of the wave emitted at X, is comparable
to the initial laser intensity the wave emitted at X also has an in-
tensity comparable to the initial laser intensity. The laser intensity
at location of the X,~wave is therefore depleted and the gain is
decreased. Consequently, a saturation effect occurs and the x,-wave is

prohibited from exceeding the initial laser wave in intensity. Since
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X and x, were chosen arbitrarily the above argument holds throughout the

beam and the backscattered spontaneous Raman beam cannot exceed the initial

laser beam in intensity. This consequence of Eqs. (1) and (2) was previously

demonstrated in a purely mathematical fashion.1 In a beam of nonuniform
cross section which, for example, corresponds to the self-trapping ar-
rangement discussed above, the backscattered wave in the region x > L will
grow to the laser intensity in that region before a large decrease of the
laser intensity in the region O < x < L can occur. This fact is a clear
consequence of Eq. (44) and the fact that the laser intensity is much
greater in region 2 than region 1. The backscattered wave will propagate
through the plane at x = L and will reappear to the left of this plane
with an intensity comparable to the laser intensity there. Since the gain
in region 1 is as yet undiminished the buackscattered wave will now be

amplified to an intensity far in excess of the initial laser intensity.

The physical argument given above is readily translated into a
quantitative description of the Raman pulse. Egqs. (3) and (4) are valid
in regions 1 and 2 separately if they are modified to include the fact
that the constant "B'" is different in the two regions. Consequently,
Rll and R1 may be expressed in terms of Fl’ G1 and Bl through Egqs. (5)
and (6). This is also true for R£2’ R2, F2, G2 and 82. The constants
"g" differ by the factor - the effective solid angle for Raman ampli-
fication. The effective solid angle "Ql" is obtained in the usual
manner1 for a bzam of length L and a given cross section. The effective
solid angle "92" corresponds to that of a cone with a half angle equal
to the angle of total internal reflection in region 2. Since there are
four independent functions (F1,2 and G1,2) four boundary conditions are
required. Two boundary conditions are given by Eqs. (45) and (46).

A third condition describes the source function. For simplicity we

may take

pg0st) = b B(E) . 7

75




QF;

The final condition is that there is no radiation at the frequency of

the Raman waves incident on the system from the right; i.e.,

R2(0,t) = 0, (48)

Using Eqs. (45) through (48) in the modified Eqs. (5) and (6) leads to an
expression for pl(O,t) in terms of a function which is the solution of a
differential difference equation as in the preceding section. Since the
theory of self-focusing4 gives us a relationship between P and L, it is
possible to determine the height and shape of the exciting pulse solely

in terms of the incident laser intensity and A.

The program outlined above for describing the backscattered pulse
has not as yet been carried out because of some difficulties in solving
the differential difference equation. As an aid in gaining insight into
the nature of the solution to the above boundary value problem a simpler
problem has been solved. This simpler problem is a mixed boundary-
initial value problem. For this latter problem all space (i.e.,

- © < x <®) is filled with Raman active material. The self focusing

occurs at x = 0 (in contrast to x = L in the preceding problem) so that
pgz(oyt) = A pll(o’t) ’ DZ(O,t) = A Dl(o,t) . (49)
Initially the Raman and laser waves are arranged so that
Ppy (x:0) = o -, P (x,0) = py(x,0) = p,(x,0) = 0 . (50)
Equation (48) is valid in this problem. An additional condition is

Rgl(s,O) continuous in s . (51)

76

Rz,



To solve the modified Eqs. (5) and (6) we first define the quantity

G, (t) -2F (t)
pey = 2—22— . (52)

Adding Eqs. (49) we may obtain [Gl(t) - (a/2)Fl(t)] in terms of Y(t).
Using these various relations in Eqs. (48), (50) and (51) we obtain
the nonlinear differential equation for y(t):

op . _ . B, B,t/2
o Mt zoeatwlll)\=22e2 ’ (53)
where
l -
a = -E(apo+ 281 - Bz/k) , V(@) = 1. (54)

To compare the results of this problem to that of the more realistic

problem considered earlier in this section we consider the plane x = -L

wvhere

_ B,t/2
ap Lyt + L) = =g+ =y {62 e’ -(Bz-xal)x&

-1
Cfan_ %o -at . -1
{% ap F Bl e 1 Gl {} s (55)

(ap + 8;)L/c
G, =e and T =t - L/c 2 0. Examinaticns of Eq. (53) both
analytically and with the aid of a computer show that v(t) drops very
sharply — like exp(-Agt) — from its initial value until it reaches a
ninimum at t, =30 (?g)-l. It increases gradually from that point onward.
The backscattered photon density Py exhibits the expected pulse-1like
character. It rises to a maximum at a few times (Ag) earlier than tl. t
The maximum ranged between 3p and lSCp for the parameters considered,

namely, 10 cm < L < 100 cm and 10 < 2 < 150. 4

It is our intention to complete the analysis of the pure boundary-

value problem during the remainder of this contract.
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Figure 1. A Raman amplifier of length L, laser light —
photon density P is incident from the left

at x = 0. The signal — light at the first Stokes
frequency with a photon density oy (L,t) — is
; incident from the right at x = L. The amplified

% pulse — photon density p, (0,t) — is emitted
% at x = 0.
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Figures 2.
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L4

2L{g-p)/ec
gh®
‘ | (g+h=plp
(g+h-pp
1
I
E : L
— 1 ! T
g ’ P g P:’f:r =
g+h g+h

(b)

Determination of P, from the intersection of
(g + h)p-p2 and gh exp[g - p)/c]. 1If
2L/c < t, h—l~g—1 then 0 < P, < 8 as

shown in Fig. 2a, whereas if 2L/¢ < t0

then g < P, <% + h as shown in Fig. 2bh.

79

P = g B i i

LI S5 S s 1o




:

p' . —— —— —

2
Po +P\"@Po

- -

Figure 3. The photon density within the amplifier

in the limit t + =
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Figure 4.

oy = 4

The Ramar pulse generator. A Raman active medium
occupies the space x > 0. Laser light — photon
density po-— is incident on this medium from the
right. It propagates from x = Q to x = L with a
constant cross-sectional area, At x = L self
focusing occurs and the area of the beam decreases
by a factor of (1/1) << 1. The laser and Raman
photon densities are Po1 and P, respectively for

0 <x <L, and 922 and Py for x > L.
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